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A WEYL ENTROPY OF PURE SPACETIME REGIONS
FRANCESCO BELGIORNO AND GIOVANNI CATINO
Abstract. We focus on the Penrose’s Weyl Curvature Hypothesis in a general framework
encompassing many specific models discussed in literature. We introduce a candidate density
for the Weyl entropy in pure spacetime perfect fluid regions and show that it is monotonically
increasing in time under very general assumptions. Then we consider the behavior of the
Weyl entropy of compact regions, which is shown to be monotone in time as well under
suitable hypotheses, and also maximal in correspondence with vacuum static metrics. The
minimal entropy case is discussed too.
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1. Introduction
Let (X,γ) be a four-dimensional smooth connected Lorentzian manifold with signature
(−,+,+,+). We will say that (X,γ) is a spacetime if the metric γ satisfies the Einstein
equation
(1.1) Rαβ − 1
2
Rγαβ = T αβ
where Rαβ, R denote the Ricci and the scalar curvature of γ and T αβ is a symmetric two
tensor. The tensor T is referred as the stress-energy tensor. When T ≡ 0 we will say (X,γ)
is a vacuum spacetime and the Einstein equation reads
Rαβ − 1
2
Rγαβ = 0
or equivalently
(1.2) Rαβ = 0 .
By the standard decomposition of the curvature tensor Rαβγδ of the metric γ, the geometry
of a spacetime is completely determined by its Weyl curvature Wαβγδ (and the stress-energy
tensor). More precisely, the Riemann curvature tensor of a spacetime satisfying (1.1) is given
by
(1.3) Rαβγδ = Wαβγδ+
1
2
(T αγγβδ − T αδγβγ + T βδγαγ − T βγγαδ)− T
3
(γαγγβδ − γαδγβγ)
where T := trace(T ) = γαβT αβ, and thus it is natural to observe all the geometrical/physical
properties of the space time arise from the Weyl and the stress-energy tensors.
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2 FRANCESCO BELGIORNO AND GIOVANNI CATINO
The original Weyl Curvature Hypothesis by Roger Penrose [22] represents a still unproven
conjecture about the entropic contribution of the gravitational field to the overall entropy of
the Universe. The naive idea can be expressed as follows: according to Penrose, the entropy
increase associated with the second law of thermodynamics is hardly compatible with the fact
that, at the Big Bang, the Universe itself was in a uniform state of thermal equilibrium, which
means that entropy was maximal. Penrose’s hypothesis is that only the matter field degrees of
freedom (dof) were in equilibrium, whereas the dof associated with the gravitational field were
not, and could maintain their very low entropy content for a long time, until the formation of
galaxies and stars, because of the weakness of the gravitational interaction. There is a naive
suggestion about the possibility to describe qualitatively the entropy of the gravitational dof,
which consists in distinguishing two different contributions to the Riemann curvature as given
in (1.3): on the one hand, there is the Ricci contribution, which is directly determined by
the Einstein equations, and is then related to non-gravitational dof; on the other hand, there
is a purely gravitational contribution, which is associated with the Weyl tensor. The Weyl
Curvature Hypothesis amounts to hypothesizing that the Weyl curvature is zero at the initial
singularity (Big Bang), to be compared with a divergent Ricci curvature. The hypothesis in
itself does not determine a specific expression for the gravitational entropy in terms of the
Weyl curvature tensor. There is a number of proposals in the physical literature, which take
into account specific models, mainly of cosmological nature. Several proposals involve ratios
between scalar functions of the Weyl tensor and scalar function of other curvature invariants,
like e.g. the Ricci tensor as in the original ansatz by Penrose. All proposal are in general
applied to specific models. [14, 15, 13, 21, 24, 25, 16]. One important contribution in this
field is represented by [9], where five conditions are prescribed for any good definition of
gravitational entropy. For completeness, we recall them, with the same notation:
(E1) it should be nonnegative;
(E2) it should vanish only if the Weyl curvature tensor vanishes;
(E3) it should measure the local anisotropy of the free gravitational field;
(E4) it should reproduce the Bekenstein-Hawking entropy in the black hole case;
(E5) it should increase monotonically as structures form in the Universe.
See also the discussion at the end of this section. We sum up our main definition for our
entropic function in what follows. We stress that our Weyl entropy S (as well as Spf ) is not
yet integrated over a region of space, i.e. is the entropy of an infinitesimal volume (with the
correct measure).
Consider a globally hyperbolic spacetime (see Section 3 for details)
(X,γ) = (I ×M3,−N2dt2 + g).
At given point (t, x) ∈X we define the Weyl entropy S = S(t, x) as
S := |Wαβγδ|γ¯|Rαβγδ|γ¯
√
g ,
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Figure 1. A picture of a Weyl Entropic Electric/Magnetic Regions of space-
time. Each region is given by the union of perfect fluid electric/magnetic
regions with given parameters ki, αi.
where Rαβγδ 6= 0 and S = 1 where Rαβγδ = 0. Here γ¯ = N2dt2 + g is the Riemannian metric
associated to γ and
√
g denotes the square-root of the determinant of the space metric g. In
this paper we prove a monotonicity result for the related Weyl entropy
Spf := S + scrit√g ,
where scrit is an explicit nonnegative function depending on the parameters k, α of the perfect
fluid electric region PFEk,α. We refer to Section 7 for the precise definitions.
Theorem 1.1. On every k-perfect fluid electric α-expanding region PFEk,α satisfying (7.1)
the Weyl entropy Spf is monotonically increasing in time.
We have a similar result for magnetic regions.
Theorem 1.2. On every k-perfect fluid magnetic α-expanding region PFMk,α the Weyl en-
tropy S is monotonically increasing in time.
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We will call a Weyl Entropic Electric/Magnetic Region of spacetime the union of k-perfect
fluid electric/magnetic α-expanding regions with different parameters ki, αi (see Figure 1).
By Theorems 1.1 e 1.2, in these regions the Weyl entropy in increasing in time (E5). We also
refer to the aforementioned regions as ‘pure spacetime regions’.
If the purely electric/magnetic character of the manifold is missing, there is no clear way
to obtain a sensible increasing function of entropic type. It is not yet known how to study a
mixed situation where the manifold is neither purely electric nor purely magnetic.
The parameter k relates the pressure P and the mass density M of the fluid through the
equation of state
P = (k − 1)M
and is standard in cosmology, where it is a constant labelling different epochs in the Universe
evolution (see Figure 1). In the present picture, it is possible to allow for a dependence on
time and space. A dependence on space-time coordinates can be allowed also for the further
parameter α, which measures the expansion and the homogeneity in space of the Universe
(see Section 7 for the precise definitions).
From a physical point of view, there is not yet an unique way for identifying a gravitational
entropy S, lacking a universally accepted and definitive quantum gravity theory. Notwith-
standing, as discussed in [9], one can provide in different ways an ansatz for a putative entropy
function for the gravitational field. In particular, the ratio involving the (Riemannian) mod-
ulus of the Weyl tensor and the (Riemannian) modulus of the Riemann tensor is interesting
because it represents the relative weight of the Weyl curvature contribution with respect to
the overall Riemannian curvature contribution, i.e. of the purely gravitational contribution to
the curvature with respect to the sum of the gravitational and the matter field contributions,
and is a pure number contained in the interval [0, 1]. There is not yet a specific statistical
mechanical suggestion for such a specific ansatz, whose reliability can be judged only a pos-
teriori. Furthermore, the density S is only an ingredient of the physically relevant definition.
It is a priori not clear what definition for the physical entropy one should assume, as there
is not yet a statistical mechanical framework for gravitational dof, and, on the other hand,
an information theory inspired formula or even a thermodynamically inspired formula are
difficult to be implemented. Clifton’s et al. attempt [9] belongs to the second framework, and
requires to define a temperature field associated with every manifold which is taken into ac-
count. Even if this is a viable suggestion, it necessarily requires a (generally non-equilibrium)
thermodynamics framework which is an ansatz again. Our choice is to ground our entropy
candidate to the aforementioned density S, and a first step is represented by an averaging
procedure over a space region U , which is common to other definitions [19] and produces what
we could call SavU ∈ [0, 1]. Furthermore, we also postulate that our gravitational entropy is
associated with the maximal entropy which can be associated with a region of space U . Such
an entropy should be the black hole entropy. This idea is in turn related with the Bekenstein
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bound [2] (see also the review [6]). The naive ratio beyond this choice is the following: we
can obtain what we could call ‘normalized entropy’ Sn, with Sn ∈ [0, 1] as the ratio between
S and max(S) (cf. also [23]). The same could be possible with an averaged entropy. Our
further postulate is to assume that in the gravitational case one may choose max(S) of a
spatial region U bounded by a surface Σ as the area A(Σ) of that surface (see Section 4). To
be precise, for a compact space domain U ∈M3 (with two dimensional boundary Σ := ∂U),
we define the Weyl entropy in U as the averaged integral
SU := Area(Σ)
Volg(U)
∫
U
S = Area(Σ)
Volg(U)
∫
U
|Wαβγδ|γ¯
|Rαβγδ|γ¯
√
g,
where Volg(U) =
∫
U
√
g and Area(Σ) is the area of the boundary. Analogously, we define
SpfU . As a consequence of Theorems 1.1 e 1.2 we can show the following (see also Section 10):
Theorem 1.3. On every k-perfect fluid electric α-expanding region PFEk,α satisfying (7.1)
and (10.1) the Weyl entropy in U SpfU is monotonically increasing in time. Moreover, maximal
Weyl entropy in U at time t0 can only occur in a static vacuum spacetime region [t0, T )×U .
Theorem 1.4. On every k-perfect fluid magnetic α-expanding region PFEk,α satisfying (10.1)
the Weyl entropy in U SU is monotonically increasing in time. Moreover, maximal Weyl
entropy in U at time t0 can only occur in a flat (vacuum) spacetime region [t0, T )× U .
As to the list of properties stated in [9] and summarized above, (E1) is trivially satisfied
by both S and Spf .
(E2) is automatically satisfied by S but in the case of Spf one must also require scrit, i.e.
α = 13 . Moreover, we can show that minimal Weyl entropy in U SpfU can only occur in a
FLRW spacetime region [0, T ] × U (see Section 10). We will avoid this unphysical situation
assuming that the spacetime is non-homogeneous for t > 0.
As to (E3), local anisotropy implies the presence of a privileged direction in the orthogonal
direction with respect to a congruence of timelike curves with unit tangent vectors. In other
terms, a space section is isotropic at x if there is no privileged direction in the tangent space
at x. This is possible only for constant spatial curvature. As a consequence, any deviation
from this condition ensures local anisotropy, which is easily implemented in our picture.
Property (E4) in line of principle would seem to be automatically satisfied e.g. for static
black holes in vacuum. Actually, this identification would not be correct on the grounds of
our hypothesis of expanding region, which, as a black hole is expected to form in a collapse
process, is hardly compatible with the forming of a black hole itself. Still, it can be possible to
justify the entropy of a cosmological horizon (if any), which is again of the Bekenstein-Hawking
type, i.e. satisfies the well-known area law. In this sense, our claim is that our definition can
satisfy the area law at least for cosmological horizons. In other terms, our constructive ansatz
allows us to match by construction and with a suitable choice of a proportionality constant
condition (E4) of [9].
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As a consequence of the previous results, property (E5) is satisfied in pure spacetime regions
(i.e. purely electric/magnetic regions).
There are two further considerations which appear to be relevant to the present discussion.
In agreement with the maximal character of entropy in equilibrium, we find that entropy
is maximal for static vacuum solutions, i.e. in the case of metrics which can be considered
equilibrium states of the geometry, which remain static (no further evolution). We think that
it could be suitable introducing a further condition (E6): entropy is maximal in the case of
static solutions in vacuum.
To conclude, it is worthwhile to observe that all aforementioned properties, apart for (E4),
hold true also for the Weyl entropy in U simply defined by∫
U
S =
∫
U
|Wαβγδ|γ¯
|Rαβγδ|γ¯
√
g.
2. Preliminaries on the Curvature of Spacetimes
Let (X,γ) be a spacetime. We will denote by D the covariant derivative with respect to γ
and Rαβγδ, α, β, γ, δ = 0, 1, 2, 3, its curvature tensor. We recall the following decomposition
of the curvature tensor (see [4, 7])
Rαβγδ = Wαβγδ +
1
2
(Rαγγβδ −Rαδγβγ +Rβδγαγ −Rβγγαδ)− R
6
(γαγγβδ − γαδγβγ)
where Wαβγδ, Rαβ and R denote the Weyl, Ricci and scalar curvature of γ, respectively. The
Einstein equation of spacetime states that
Rαβ − 1
2
Rγαβ = T αβ .
Tracing the equation we obtain
R = −T
where T = γαβT αβ is the trace of the stress-energy tensor. Thus
(2.1) Rαβ = T αβ − 1
2
T γαβ .
Therefore, one has
(2.2) Rαβγδ = Wαβγδ +
1
2
(T αγγβδ − T αδγβγ + T βδγαγ − T βγγαδ)− T
3
(γαγγβδ − γαδγβγ)
From the Einstein equation we have that the stress-energy tensor is diverge free, i.e.
(2.3) DαT αβ = 0 .
We will use the usual notation to denote the norm of a (0, r)-tensor P with respect to the
spacetime metric γ, namely
|P|2 := γi1m1 · · ·γirmrPi1...irPm1...mr .
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Note that one has
|Rαβ|2 = |T αβ|2 ,
and
|Rαβγδ|2 = |Wαβγδ|2 + 2|Rαβ|2 − 1
3
R2 = |Wαβγδ|2 + 2|T αβ|2 − 1
3
T 2(2.4)
= |Wαβγδ|2 + |Aαβγδ|2 ,
where
(2.5) |Aαβγδ|2 = 2|T αβ|2 − 1
3
T 2
and the four tensor A is computed from the so called Schouten tensor (see, for instance, [7,
Chapter 1])
Aαβ := Rαβ − R
6
γαβ
and is given by
Aαβγδ =
1
2
(Aαγγβδ −Aαδγβγ +Aβδγαγ −Aβγγαδ) .
The Cotton tensor is given by
Cαβγ := DγAαβ −DβAαγ
= DγRαβ −DβRαγ − 1
6
(DγRγαβ −DβRγαγ)(2.6)
= DγT αβ −DβT αγ − 1
3
(DγT γαβ −DβT γαγ)(2.7)
We recall also the following useful formula (a second bianchi identity for the Weyl tensor, see
[7, Chapter 2])
DηWαβγδ +DγWαβδη +DδWαβηγ =
1
2
(Cαδηγβγ +Cαηγγβδ +Cαγδγβη)(2.8)
− 1
2
(Cβδηγαγ +Cβηγγαδ +Cβγδγαη)
which will be crucial to compute the evolution in time of the Weyl curvature.
3. Globally Hyperbolic Spacetimes
Let (X,γ) be a spacetime. It is well known that the causal structure of an arbitrary
spacetime can have undesirable pathologies. All these can be avoided by postulating the
existence of a Cauchy hypersurface M3 in X, i.e. a hypersurface M3 with the property
that any causal curve intersects it at precisely one point. Spacetimes with this property
are called globally hyperbolic and we will always assume that the space time is the maximal
smooth Cauchy development of initial data on the Cauchy hypersurface M3 (see [26] and [17,
Chapter 7]). Such spacetimes are in particular stable causal, i.e. they allow the existence
of a globally defined differentiable function t whose gradient Dt is everywhere time-like. To
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be more general, we will consider also the case where the gradient Dt could be light-like on
some subsets of X. In this case we will say that the spacetime is almost globally hyperbolic.
This allows the presence of possible horizons. We call t a time function and the foliation
given by its level surfaces a t-foliation. We denote by T the future directed unit normal to
the foliation. Topologically, a space-time foliated by the level surfaces of a time function is
diffeomorphic to a product manifold I ×M3 where I = [0, T ) and M3 is a three-dimensional
smooth manifold. In fact the spacetime can be parametrized by points on the slice t = 0 by
following the integral curves of Dt. Relative to this parametrization the spacetime metric γ
takes the form
(3.1) γ = −N2(t, x)dt2 + gij(t, x)dxidxj
where t ∈ I and x = (x1, x2, x3) are arbitrary coordinates on the slice t = 0. The function
N(t, x) = γ(Dt,Dt)−1/2 is called the lapse function of the foliation and gij its first funda-
mental form. We will denote by Mt = {t} ×M3 the leaves of the foliation. The unit normal
to the foliation T is given by T = N−1∂t. The second fundamental form h of the foliation is
given by
(3.2) hij = − 1
2N
∂tgij .
We denote by∇ the covariant derivative on the leaves Mt and by Rijkl, Rij and R its Riemann,
Ricci and scalar curvature, respectively. Since M3 is three-dimensional, the Riemann tensor
of g can be totally recovered from the Ricci tensor, and we have the decomposition (see for
instance [7])
(3.3) Rijkl = (Rikgjl −Rilgjk +Rjlgik −Rjkgil)− R
2
(gikgjl − gilgjk) .
By classical formulas, the second fundamental form h, the lapse function N and the curvature
Rijkl of the foliation are connected to the spacetime curvature tensor Rαβγδ by the following
(for instance, see [8])
Rijkl = Rijkl + hikhjl − hilhjk
RT ijk = ∇jhik −∇khij
NRT iTj = ∂thij +Nhikhkj +∇i∇jN ,
where Rijkl = R(∂i, ∂j , ∂k, ∂l), RT ijk = R(T, ∂i, ∂j , ∂k) and RT iTj = R(T, ∂i, T, ∂j) are the
components of the spacetime curvature relative to arbitrary coordinates on M3. Tracing the
previous equations we get
NRij = NRij − ∂thij +NHhij − 2Nhilhjl −∇i∇jN
RTj = ∇jH −∇khjk
NRTT = ∂tH −N |h|2 + ∆N ,
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where H denotes the mean curvature of the foliation, namely H = gijhij . Imposing the
Einstein equation (1.1) we obtain
N
(
T ij − 1
2
T gij
)
= NRij − ∂thij +NHhij − 2Nhilhjl −∇i∇jN
T Tj = ∇jH −∇khjk(3.4)
N
(
T TT + 1
2
T
)
= ∂tH −N |h|2 + ∆N .
In particular, tracing these equations, we discover the so called Einstein constrained equations
for the foliation of a spacetime
R+H2 − |h|2 = 2T TT(3.5)
∇jH −∇khjk = T Tj .(3.6)
Using (2.2), since
γij = gij , γT i = 0 and γTT = −1 ,
we have
Rijkl = Wijkl +
1
2
(T ikgjl − T ilgjk + T jlgik − T jkgil)− T
3
(gikgjl − gilgjk)
RT ijk = WT ijk +
1
2
(T Tjgik − T Tkgij)
RT iTj = WT iTj +
1
2
(T TT gij − T ij) + T
3
gij
and, from (3.3), we obtain
Wijkl = −1
2
(T ikgjl − T ilgjk + T jlgik − T jkgil)(3.7)
+ (Rikgjl −Rilgjk +Rjlgik −Rjkgil)
− 3R− 2T
6
(gikgjl − gilgjk) + hikhjl − hilhjk
WT ijk = −1
2
(T Tjgik − T Tkgij) +∇jhik −∇khij(3.8)
NWT iTj = −1
2
N (T TT gij − T ij)− T
3
Ngij + ∂thij +Nhikhkj +∇i∇jN ,(3.9)
We have the following formulas relating the Weyl tensor components.
Lemma 3.1. Let (X,γ) be a globally hyperbolic spacetime. Then
WT iTj = g
klWkilj
Wijkl = (WT iTk gjl −WT iT l gjk +WTjT l gik −WTjTk gil) .
Proof. Since W is trace free, one has
0 = γαβWαiβj = −WT iTj + gklWkilj
10 FRANCESCO BELGIORNO AND GIOVANNI CATINO
and the first equality follows. To obtain the second equation we recall that from (3.4) and
(3.5) one has
N
(
T ij − 1
2
T gij
)
= NRij − ∂thij +NHhij − 2Nhilhjl −∇i∇jN
R+H2 − |h|2 = 2T TT .
Hence, from (3.9) we get
WT iTj = Rij − 1
2
T ij − 3R− 2T
12
gij − H
2 − |h|2
4
gij +Hhij − hilhjl .(3.10)
Thus, from (3.7) one obtain
Wijkl = (WT iTk gjl −WT iT l gjk +WTjT l gik −WTjTk gil)
− |h|
2 −H2
2
(gikgjl − gilgjk) + hikhjl − hilhjk
+ (hiphkpgjl − hiphlpgjk + hjphlpgik − hjphkpgil)
−H (hikgjl − hilgjk + hjlgik − hjkgil)
Setting
Zijkl := −|h|
2 −H2
2
(gikgjl − gilgjk) + hikhjl − hilhjk
+ (hiphkpgjl − hiphlpgjk + hjphlpgik − hjphkpgil)
−H (hikgjl − hilgjk + hjlgik − hjkgil) ,
Take a basis diagonalizing h, one has hij = µiδij and for i 6= j 6= k we get
Zijij := −|h|
2 −H2
2
+ µiµj + µ
2
i + µ
2
j −H(µi + µj)
=
1
2
[
(µi + µj + µk)
2 − (µ2i + µ2j + µ2k)
]
+ µiµj + µ
2
i + µ
2
j − (µi + µj + µk)(µi + µj)
= 2µiµj + µiµk + µjµk + µ
2
i + µ
2
j − (µi + µj + µk)(µi + µj) = 0
Thus Z ≡ 0 and the proof is completed. 
Given a globally hyperbolic spacetime (X,γ) = (I ×M3,−N2dt2 + g), being the vector
field T a timelike unit vector, following the 1 + 3 covariant description of gravitational fields
[10] and in analogy to the decomposition of the Maxwell tensor into electric and magnetic
parts, the Weyl tensor W can also be decomposed into electric and magnetic parts as
Eαβ = WαγβδT
γT δ, Hαβ =
1
2
εαγδηW
δη
βθT
γT θ
where εαγδη is the volume element. Using arbitrary coordinates on M
3, we get
Eij = WT iTj , EαT = 0, Hij =
1
2
εiT δηW
δη
jT =
1
2
εiTklW
kl
jT , HαT = 0.
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In particular, on a globally hyperbolic spacetime, E vanishes if and only if WT iTj = 0 locally,
while H vanishes if and only if WT ijk = 0 locally. Spacetimes with zero electric part E (or
magnetic part H) are called in the literature Pure Electric (or Magnetic) spacetimes (see, for
instance [20, 5, 18]).
We note that, one has
|Wαβγδ|2 = 1
4
(|Eαβ|2 − |Hαβ|2) , |Wαβγδ|2γ¯ = 14 (|Eαβ|2 + |Hαβ|2) .
In particular, the quantity W considered in [9] constructed from the so called Bel-Robinson
tensor [3], coincides exactly with |Wαβγδ|2γ¯ .
4. A Weyl Entropy
Throughout this section we will consider a globally hyperbolic spacetime
(X,γ) = (I ×M3,−N2dt2 + g)
as discussed in the previous section. On a generic spacetime the functions |Wαβγδ|2 can be
negative somewhere. In fact, while the norm of a symmetric two tensor (such as the Ricci
tensor) is always nonnegative, a simple computation (see Lemma 5.1) gives
(4.1) |Wαβγδ|2 = −4|WT ijk|2 + 4|WT iTj |2 + |Wijkl|2 = −4|WT ijk|2 + 8|WT iTj |2 .
We ask for the entropy to be measured from the Weyl tensor, to be nonnegative and to be
zero if and only if the Weyl tensor vanishes. Thus we will consider the norm computed with
respect to the Riemannian metric γ¯ associated to γ, namely:
γ¯ := N2dt2 + g .
Thus, we have
|Wαβγδ|2γ¯ = 4|WT ijk|2 + 8|WT iTj |2
which is nonnegative and vanishes if and only if W = 0. We give the following definition of
Weyl entropy:
Definition 4.1. At given point (t, x) ∈X we define the Weyl entropy S = S(t, x) as
S := |Wαβγδ|γ¯|Rαβγδ|γ¯
√
g ,
where Rαβγδ 6= 0 and S = √g where Rαβγδ = 0. Here √g denotes the square-root of the
determinant of the space metric g. We will call
s :=

|Wαβγδ |γ¯
|Rαβγδ |γ¯ if R 6= 0
1 if R = 0
the Weyl entropy density.
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Given a compact space domain U ∈M3 (with two dimensional smooth boundary Σ := ∂U),
we define the Weyl entropy in U as the averaged integral
SU := Area(Σ)
Volg(U)
∫
U
S = Area(Σ)
Volg(U)
∫
U
s
√
g,
where Volg(U) =
∫
U
√
g and Area(Σ) is the two-dimensional Haussdorf area of the boundary,
computed with respect to the metric induced by g on Σ. By definition, SU ≥ 0, with equality
if and only if the Weyl tensor vanishes on U . Moreover, from Lemma 5.1, we have
SU ≤ Area(Σ)
with equality if and only if the Ricci tensor of γ vanishes. From the Einstein equation, this
is equivalent to say that the stress-energy tensor T vanishes (vacuum region). In particular
we have the following characterization of space region with maximal Weyl entropy: the Weyl
entropy in U , SU is maximal at a given time t if and only if T = 0 on {t} × U .
We stress again that, in the above definition, the appearance of the factor Area(Σ) is
an ansatz which is seemingly arbitrary, but it can be justified on the grounds of black hole
thermodynamics, and is compatible with the conjecture that the maximal entropy for a region
with boundary area Area(Σ) is the black hole entropy, which is A/4, as well known. In this
sense, in the definition we could also introduce a multiplicative constant ζ (with ζ = 1/4 for
static black holes), in such a way to implement fully the assumption (E4) of [9].
As well known, in thermodynamics the entropy is maximal for equilibrium states. Of
course, it is not possible to associate the Weyl entropy with a thermodynamic entropy, even
in a non-equilibrium framework, as the possibility to define a local temperature in a natural
way is missing (cf. anyway the picture in [9]). Still, some ‘entropy-like’ properties can be
identified. In fact, in Section 10, we show that the Weyl entropy related to region where
there is monotonicity is maximal at some time, if and only if the region is a static vacuum
solution, as if it were a real equilibrium entropy (an equilibrium state is a static one, and
static solutions appear as sort of ’equilibrium states of the geometry’).
In order to simplify the computations for the evolution of the Weyl entropy, we introduce
the following quantity, where A 6= 0,
(4.2) s2 =
|Wαβγδ|2γ¯
|Rαβγδ|2γ¯
=
s¯2
s¯2 + 1
,
where
s¯2 :=
|Wαβγδ|2γ¯
|Aαβγδ|2γ¯
.
For reasons that will be clear in the rest of the computations, we will study the entropy S
on spacetimes (X,γ) satisfying (locally) either
(H1) WT ijk ≡ 0
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or
(H2) WT iTj ≡ 0 .
As observed in the previous section, condition (H1) is equivalent for the spacetime to be Pure
Electric (also called Coulomb like), while condition (H2) is equivalent for the spacetime to be
Pure Magnetic (or Wave Like). From (4.1) it is clear that
(4.3) |Wαβγδ|γ¯ =
|Wαβγδ| if (H1) holds ,−|Wαβγδ| if (H2) holds .
Geometrically, from equation (3.8) there is an equivalence between condition (H1) and
the second fundamental form hij to be a Codazzi tensor on the space slice M
3, whenever the
stress-energy tensor is diagonal (e.g. perfect fluid case). In this case, sufficient conditions that
imply (H1) are hij ≡ 0 (totally geodesic foliation, i.e. time-symmetric spacetime) or, more
in general, hij ≡ H3 gij (totally umbilical foliation). A sufficient condition is also ∇h ≡ 0, i.e.
parallel second fundamental form. Many examples satisfying this assumption are well studied
(for instance Bianchi type I, Lemaitre-Tolman [9, 16]). Examples of spacetime satisfying (H2)
can be found in [11, 1].
5. Pure Electric Spacetimes
We will need the following formulas.
Lemma 5.1. Let (X,γ) be a globally hyperbolic spacetime. Then the following identity hold
|Wαβγδ|2 = −4|WT ijk|2 + 8|WT iTj |2,
|Aαβγδ|2 = −4|AT ijk|2 + 4|AT iTj |2 + |Aijkl|2
|Rαβγδ|2γ¯ = |Wαβγδ|2γ¯ + |Aαβγδ|2γ¯
and, if AT ijk = 0, then
|Aαβγδ|2γ¯ = |Aαβγδ|2 .
In particular, if (X,γ) satisfies (H1), then
|Wαβγδ|2 = 8|WT iTj |2.
Proof. One has
|Wαβγδ|2 = −4|WT ijk|2 + 4|WT iTj |2 + |Wijkl|2 .
Using Lemma 3.1 we get
|Wijkl|2 = 4|WT iTj |2 ,
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and the first identity follows. The second identity follows for the same reason. By the
definition of γ¯, we immediately have
|Rαβγδ|2γ¯ = 4|RT ijk|2 + 4|RT iTj |2 + |Rijkl|2
|Wαβγδ|2γ¯ = 4|WT ijk|2 + 4|WT iTj |2 + |Wijkl|2,
|Aαβγδ|2γ¯ = 4|AT ijk|2 + 4|AT iTj |2 + |Aijkl|2
and the last formula holds. 
Concerning the covariant derivative DηWαβγδ we have the following useful formulas
Lemma 5.2. Let (X,γ) be a globally hyperbolic spacetime satisfying (H1). Then
DTWijkl = 2 (hikWTjT l − hjkWT iT l + hjlWT iTk − hilWTjTk)
+ hlp (WTjTp gik −WT iTp gjk) + hkp (WT iTp gjl −WTjTp gil)
+
1
2
(CilT gjk +CiTkgjl −CjlT gik +CjTkgil) ,
DlWijkT = 2 (hjlWT iTk − hilWTjTk) + hlp (WTjTp gik −WT iTp gjk) ,
DTWT iTj = 2HWT iTj − 2hilWTjT l − hjlWT iT l + hkpWTkTp gij − 1
2
CijT .
Proof. From the second bianchi identity (2.8) we have
DTWijkl = −DkWijlT −DlWijTk + 1
2
(CilT gjk +CiTkgjl −CjlT gik +CjTkgil)
= DlWijkT −DkWijlT + 1
2
(CilT gjk +CiTkgjl −CjlT gik +CjTkgil) .
Moreover, from the definition of covariant derivative and condition (H1) implies
DlWijkT = ∂lWijkT − ΓTliWTjkT − ΓTljWiTkT − ΓαlkWijαT − ΓplTWijkp
= ΓTliWTjTk − ΓTljWT iTk − ΓplTWijkp
= −hilWTjTk + hjlWT iTk + hlpWijkp ,
where we have used the formulas
Γttt = −
1
2N2
∂t(N
2) = −∂tN
N
,
Γitt =
1
2
∂i(N
2) = N∂iN ,
Γjti =
1
2
gjk∂tgik = −Nhij ,(5.1)
Γtij =
1
2N2
∂tgij = − 1
N
hij ,
Γkij = Γ
k
ij ,
where Γkij are the Christoffel symbols of the metric g. In particular, we have
ΓjT i = −hij and ΓTij = −hij .
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Rewriting the last equations we have proved that
DTWijkl = −hilWTjTk + hjlWT iTk + hlpWijkp + hikWTjT l − hjkWT iT l − hkpWijlp(5.2)
+
1
2
(CilT gjk +CiTkgjl −CjlT gik +CjTkgil) ,
(5.3) DlWijkT = −hilWTjTk + hjlWT iTk + hlpWijkp .
On the other hand, by Lemma 3.1 one has
DTWT iTj = DT
(
gklWkilj
)
=
(
DTγ
kl
)
Wkilj + g
klDTWkilj
= gklDTWkilj
= gkl (−hkjWT iT l + hijWTkT l + hjpWkilp + hklWT iTj − hilWTkTj − hlpWkijp)− 1
2
CijT
= HWT iTj − hilWT lT j + hkpWkipj − 1
2
CijT ,
i.e.
(5.4) DTWT iTj = HWT iTj − hilWT lT j + hkpWkipj − 1
2
CijT .
Moreover
hlpWijkp = hlp (WT iTk gjp −WT iTp gjk +WTjTp gik −WTjTk gip)
= hjlWT iTk − hilWTjTk + hlpWTjTp gik − hlpWT iTp gjk
and
hkpWkipj = hkp (WTkTp gij −WTkTj gip +WT iTj gkp −WT iTp gjk)(5.5)
= hkpWTkTp gij − hikWTjTk − hjkWT iTk +HWT iTj
Substituting in (5.2), (5.3) and (5.4) (and using again Lemma 3.1) we get
DTWijkl = 2 (hikWTjT l − hjkWT iT l + hjlWT iTk − hilWTjTk)
+ hlp (WTjTp gik −WT iTp gjk) + hkp (WT iTp gjl −WTjTp gil)
+
1
2
(CilT gjk +CiTkgjl −CjlT gik +CjTkgil) ,
DlWijkT = 2 (hjlWT iTk − hilWTjTk) + hlp (WTjTp gik −WT iTp gjk) ,
DTWT iTj = 2HWT iTj − 2hilWTjT l − hjlWT iT l + hkpWTkTp gij − 1
2
CijT .

As a consequence, we obtain the following formula:
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Proposition 5.3. Let (X,γ) be a globally hyperbolic spacetime satisfying (H1). Then
1
2
DT |Wαβγδ|2 = 16H|WT iTj |2 − 24hjlWT iTjWT iT l − 4CijTWT iTj ,
where C is the Cotton tensor of γ.
Proof. From Lemma 5.1 one has
1
2
DT |Wαβγδ|2 = 8 (DTWT iTj)WT iTj .
Moreover
DTWT iTj = DT
(
gklWkilj
)
=
(
DTγ
kl
)
Wkilj + g
klDTWkilj
= gklDTWkilj
= gkl
[
2 (hklWT iTj − hilWTkTj + hijWTkT l − hkjWT iT l)
+ hjp (WT iTp gkl −WTkTp gil) + hlp (WTkTp gij −WT iTp gkj)
+
1
2
(CkjT gil +CkT lgij −CljT gik +CiT lgkj)
]
= 2 (HWT iTj − hikWTkTj − hkjWT iTk)
+ 2hjpWT iTp + hkp (WTkTp gij −WT iTp gkj) + 1
2
(CijT −CijT +CiT j)
= 2HWT iTj − 2hikWTkTj − hjpWT iTp + hkpWTkTp gij − 1
2
CijT .
where we have used Lemma 5.2. Thus
(DTWT iTj)WT iTj = 2H|WT iTj |2 − 3hjlWT iTjWT iT l − 1
2
CijTWT iTj
and the thesis follows. 
6. Pure Electric Spacetimes: Perfect Fluids
Take a perfect fluid stress-energy tensor given by
(6.1) T TT = M, T T i = 0, T ij = Pgij ,
where M = M(t, x) is the mass density and P = P (t, x) the pressure of the fluid. One has
T := γαβT αβ = 3P −M
and
|T αβ|2 = M2 + 3P 2 .
Note that, from (2.3) one has
0 = −DTT TT +DiT iT = −DTM − ΓTiiT TT − ΓjiTT ij = −DTM +HM +HP ,
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i.e.
DTM = (M + P )H .
Recall that DT acts as N
−1∂t on functions. Moreover, from (2.3) one has
0 = −DTT Tj +DiT ij = ΓiTTT ij + ΓTTjT TT + ∂jP = ∂jP ,
i.e.
(6.2) ∂jP = 0 ,
thus P is a function only of time, P = P (t). In general, it is not a restriction to impose that
the pressure and the mass satisfy the following equation of state:
P = (k − 1)M,
for some function k = k(t, x). Particular cases of interest are give by constant values of the
type:
• Radiation Dominated: k = 43 ;
• Matter Dominated: k = 1;
• Vacuum Energy Dominated: k = 0.
These important cases are very-well known in physical literature, as they represent a standard
description of the different epochs for the evolution of the Universe (see Figure 1). In the
present modelization, it is possible to allow a local space-time dependence for the parameter k,
in a generalization of the standard picture which allows an interpolation between the constant
values occurring in physical models. In particular, we have
DTM = kHM .(6.3)
We will use the following notation for the evolution of k:
DTk = k
′H
where H 6= 0 and we set k′ = 0 whenever H = 0. From (2.4) we get
|Rαβγδ|2 = |Wαβγδ|2 + 2|Rαβ|2 − 1
3
R2 = |Wαβγδ|2 + 2|T αβ|2 − 1
3
T 2
= |Wαβγδ|2 + 5
3
M2 + 3P 2 + 2MP(6.4)
= |Wαβγδ|2 + 9k
2 − 12k + 8
3
M2
= |Wαβγδ|2 + |Aαβγδ|2 ,
and
|Aαβγδ|2 = 9k
2 − 12k + 8
3
M2 .
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Note also that AT ijk = 0, since RT i = T T i = 0. From (6.3) we have
(6.5) DT |Aαβγδ|2 = 2k(9k
2 − 12k + 8) + 6k′(3k − 2)
3
HM2 .
On a perfect fluid, since
T TT = M, T iT = 0, T ij = Pgij and T = 3P −M ,
we have
CijT = DTT ij −DjT iT − 1
3
(DTT γij −DjT γiT )
= (DTP )gij + Γ
T
ijT TT + ΓpjTT ip −
1
3
(3DTP −DTM) gij
= −(M + P )hij + 1
3
(DTM)gij .
From Proposition 5.3 we obtain
(6.6)
1
2
DT |Wαβγδ|2 = 16H|WT iTj |2 − 24hjlWT iTjWT iT l + 4(M + P )hijWT iTj ,
and, if P = (k − 1)M , then
(6.7)
1
2
DT |Wαβγδ|2 = 16H|WT iTj |2 − 24hjlWTiTjWT iT l + 4kMhijWT iTj ,
As a corollary, we have the following formula for the evolution of the Weyl entropy of Pure
Electric Perfect Fluids:
Proposition 6.1. Let (X,γ) be a globally hyperbolic perfect fluid satisfying (H1). Then, the
Weyl entropy S satisfies
DTS = |W ||A|
2
|R|3γ¯
[
− kH −H |W |
2
|A|2 − 24
h˚jlWT iTjWT iT l
|W |2 + 4kM
h˚ijWT iTj
|W |2
−Hk
′(3k − 2)M2
|A|2
]√
g ,(6.8)
Proof. First of all, we note that if at some point A = 0 (i.e. M = 0), then s = 1. Since s ≤ 1,
s attains a maximum and DT s = 0. In this case (see (6.10) below)
(6.9) DTS = −H√g.
On the other hand, where A 6= 0 using (4.2) and (4.1), we obtain
DTS = DT (s√g) =
(s
s¯
)3
DT s¯
√
g + sDT
√
g .
Since, from Lemma 5.1 |A|2γ¯ = |A|2 and, from (6.4) and (6.5), we have
|A|2 = 9k
2 − 12k + 8
3
M2
and
DT |A| = k(9k
2 − 12k + 8) + 3k′(3k − 2)
3|A| HM
2 .
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Thus, from (4.3), (6.7) and Lemma 5.1 we obtain
DT s¯ = DT
( |W |
|A|
)
=
1
|A|2 (|A|DT |W | − |W |DT |A|)
=
1
|A|2
[ |A|
|W |
(
H|W |2 − 24˚hjlWT iTjWT iT l + 4kMh˚ijWT iTj
)
−H |W |
3|A|
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2]
= H
|W |
|A| − 24
h˚jlWT iTjWT iT l
|W ||A| + 4kM
h˚ijWT iTj
|W ||A|
−H |W |
3|A|3
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2 .
From (3.2) and the well know formula for the variation of the determinant, one has
DT
√
g =
1
2N
(
gij∂tgij
)√
g = −H√g .(6.10)
Using Lemma 5.1, we get
DTS = |A|
3
|R|3γ¯
[
H
|W |
|A| − 24
h˚jlWT iTjWT iT l
|W ||A| + 4kM
h˚ijWT iTj
|W ||A|
−H |W |
3|A|3
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2 −H |W ||R|2γ¯|A|3 ]√g
=
|W ||A|2
|R|3γ¯
[
−H
(
|R|2γ¯
|A|2 − 1
)
− 24 h˚jlWT iTjWT iT l|W |2 + 4kM
h˚ijWT iTj
|W |2
−H 1
3|A|2
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2]√g
=
|W ||A|2
|R|3γ¯
[
−H |W |
2
|A|2 − 24
h˚jlWT iTjWT iT l
|W |2 + 4kM
h˚ijWT iTj
|W |2
−H 1
3|A|2
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2]√g .
Since
1
3
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2 = k|A|2 + k′(3k − 2)M2 ,
we obtain
DTS = |W ||A|
2
|R|3γ¯
[
− kH −H |W |
2
|A|2 − 24
h˚jlWT iTjWT iT l
|W |2 + 4kM
h˚ijWT iTj
|W |2
−Hk
′(3k − 2)M2
|A|2
]√
g ,
and this concludes the proof. Note that this formula coincide with (6.9) when A = 0. 
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7. Monotonicity of the Weyl Entropy in Perfect Fluid Electric Regions
In this section we will assume the spacetime (X,γ) to be almost globally hyperbolic. In
fact, we note that all the computation done in the previous sections are local, so they hold on
every open subset of X where the lapse function N is strictly positive and the Weyl tensor
W satisfies (H1).
Definition 7.1. Let (X,γ) = (I×M3,−N2dt2+g) be an almost globally hyperbolic spacetime,
let U ⊂ M3 and I ′ ⊂ I be two open sets. We say that PFEk := I ′ × U is a k-perfect fluid
electric region if
(1) the stress-energy tensor T is given by (6.1) on PFEk , with
P = (k − 1)M, k = k(t, x) ∈
[
0,
4
3
]
;
(2) the Weyl tensor W satisfies (H1) on PFEk ;
(3) the lapse function N is strictly positive on PFEk .
We need also the following definition concerning the expansion and the intrinsic curvature
of the space metric:
Definition 7.2. Let (X,γ) = (I×M3,−N2dt2+g) be an almost globally hyperbolic spacetime,
let U ⊂M3 and I ′ ⊂ I be two empty open sets. We say that I ′ × U is a α-expanding region
if there exists a function α = α(t, x) ∈ [0, 13] such that
hij ≤ αHgij ≤ 0 on I ′ × U .
In particular, we will denote by PFEk,α a k-perfect fluid electric α-expanding region.
From (3.2) the condition of α-expansion is equivalent to
∂tgij ≥ −αNHgij .
In particular 0-expansion is equivalent to say that spatial metric is increasing in time, so the
(space) region is expanding. From algebraic reasons, the case α = 13 implies that the foliation
is totally umbilical, i.e. hij =
H
3 gij , or equivalently, h˚ = 0. Note that this holds also if H is
zero (minimal foliation), since the α-expansion implies hij ≤ 0, and thus h = 0.
We will assume that the fluid parameters k, α, satisfy the following evolution inequalities
(7.1) 0 ≤ k′ ≤ k(9k
2 − 12k + 8)
3(4− 3k) min
{
9α′
4(1− 3α) , 1
}
, α′ ≥ 0,
where DTu =: u
′H where H 6= 0 and u′ := 0 where H = 0. Note that, since H ≤ 0, the
assumptions (7.1) imply that DTk ≤ 0 and DTα ≤ 0, which are very natural (see Figure 1).
As a consequence of Proposition 6.1 we can show an estimate for the modified Weyl entropy
Spf on a PFEk,α, defined as
Spf := S + scrit√g =
( |Wαβγδ|γ¯
|Rαβγδ|γ¯ + scrit
)√
g ,
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where
scrit :=
√
1− 3α
(√
2
4
+ 2k
√
1− 3α
9k2 − 12k + 8
)
.
Note that scrit = scrit(t, x) ≥ 0 and
scrit = 0 ⇐⇒ α = 1
3
.
Moreover, we will show in the proof of Theorem 7.3 that the assumption (7.1) implies that
DT scrit ≥ 0 and thus
DT (scrit
√
g) ≥ 0,
which is very natural. The definition of Spf is such that monotonicity in time is preserved
only at the cost to introduce also the new contribution scrit, which is related in part to the
geometry itself (through its dependence on the parameter α) and in part on the matter field
equation of state (through the parameter k). This further term vanishes only when α = 13 ,
i.e. in the homogeneous case. It is worthwhile mentioning that, in the standard discussions
in literature, k is a constant, and also α can be assumed to be constant. As a consequence,
in such a situation, the definition given above amounts to shifting the ratio
|Wαβγδ |γ¯
|Rαβγδ |γ¯ by a
constant and, moreover, the assumptions (7.1) on the parameters are automatically satisfied.
Theorem 7.3. On every k-perfect fluid electric α-expanding region PFEk,α satisfying (7.1)
the entropy Spf is monotonically increasing, i.e.
DTSpf ≥ 0.
Moreover, the equality holds at some point if and only if DT scrit = 0 and either h = 0, or
|W | = 0, α = 13 and scrit = 0.
Proof. From the α-expanding assumption we have
−24˚hjlWT iTjWT iT l ≥ 8(1− 3α)H|WT iTj |2 = (1− 3α)H|W |2 ,
since |W |2 = |Wαβγδ|2 = 8|WT iTj |2. Moreover, since B := h − αHg ≤ 0, one has |B|2 ≤
|trB|2, i.e.
|h− αHg|2 ≤ (1− 3α)2H2 ,
or equivalently
|h|2 ≤ (6α2 − 4α+ 1)H2 .
Recalling that H ≤ 0 and α ≤ 13 we obtain the following estimate
|˚h| ≤ −
√
2
3
(1− 3α)H .
In particular, we get
|˚hijWT iTj | ≤ −
√
2
3
(1− 3α)H|WT iTj | = −1− 3α
2
√
3
H|W |
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From equation 6.8, we obtain
DTS = |W ||A|
2
|R|3γ¯
[
− kH −H |W |
2
|A|2 − 24
h˚jlWT iTjWT iT l
|W |2 + 4kM
h˚ijWT iTj
|W |2(7.2)
−Hk
′(3k − 2)M2
|A|2
]√
g
≥ |W ||A|
2
|R|3γ¯
[
k − 1 + 3α+ |W |
2
|A|2 −
2k(1− 3α)√
3
M
|W |
+
k′(3k − 2)M2
|A|2
]
(−H)√g
=
|W |
3|R|3γ¯
[
(k − 1 + 3α)(9k2 − 12k + 8) + 3k′(3k − 2)
]
M2(−H)√g
+
1
|R|3γ¯
[
|W |3 − 2k(1− 3α)√
3
M |A|2
]
(−H)√g
Since
1
3
M2 =
1
9k2 − 12k + 8 |A|
2 ,
we get
DTS = 1|R|3γ¯
[
|W |3 − (1− 3α)|W ||A|2 − 2k(1− 3α)√
9k2 − 12k + 8 |A|
3
]
(−H)√g
+
M2|W |
3|R|3γ¯
[
k(9k2 − 12k + 8) + 3k′(3k − 2)
]
(−H)√g.
Using the assumption (7.1)
0 ≤ k′ ≤ k(9k
2 − 12k + 8)
3(4− 3k)
it is easy to see that
(7.3) k(9k2 − 12k + 8) + 3k′(3k − 2) ≥ k(9k2 − 12k + 8) + 3k′(3k − 4) ≥ 0
obtaining
DTS ≥ 1|R|3γ¯
[
|W |3 − (1− 3α)|W ||A|2 − 2k(1− 3α)√
9k2 − 12k + 8 |A|
3
]
(−H)√g,(7.4)
To estimate |W ||A|2, when α 6= 13 , we use Young’s inequality
2ab ≤ 1
θ3
a3 + θ
3
2 b
3
2
which holds for all nonnegative numbers a, b ≥ 0 and all θ > 0. Choosing
θ3 =
1− 3α
2
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and using that |A|3 ≤ |R|3γ¯ − |W |3 (since |R|2γ¯ = |A|2 + |W |2), we get
DTS ≥ 1|R|3γ¯
[
|W |3 − (1− 3α)|W ||A|2 − 2k(1− 3α)√
9k2 − 12k + 8 |A|
3
]
(−H)√g
≥ −√1− 3α
(√
2
4
+ 2k
√
1− 3α
9k2 − 12k + 8
)
|A|3
|R|3γ¯
(−H)√g
≥ −scrit(−H)√g(7.5)
= −DT (scrit√g) +DT (scrit)√g.
We claim that the assumption on the fluid parameters (7.1) implies DT (scrit) ≥ 0. In fact,
let A :=
√
1− 3α ≥ 0. Then, since α′ ≥ 0, where A 6= 0, we have
A′ = − 3α
′
2
√
1− 3α = −
3α′
2(1− 3α)A ≤ 0 .
Then
s′crit =
√
2
4
A′ +
4kAA′√
9k2 − 12k + 8 + 2A
2
(
2k√
9k2 − 12k + 8
)′
≤ 4A
2
√
9k2 − 12k + 8
(
− 3kα
′
1− 3α +
4k′(4− 3k)
9k2 − 12k + 8
)
≤ 0
if
0 ≤ k′ ≤ k(9k
2 − 12k + 8)
3(4− 3k)
(
9α′
4(1− 3α)
)
.
Thus, from (7.1) we get DT scrit ≥ 0. Therefore, we proved that
DTSpf = DTS +DT (scrit√g) ≥ 0.
We verify now the equality case. Clearly, if at some point DT scrit = 0 and h = 0, then the
quantity Spf = S + scrit√g must be constant in time. Moreover, if DT scrit = 0, |W | = 0
and α = 13 (scrit = 0), DTSpf = DTS = 0. On the other hand, if equality holds in all the
estimates of Theorem 7.3, then from equation (7.5) we get that DT (scrit) = 0 and either
α = 13 or H = 0 or |A|2 = |R|2γ¯ , i.e. |W |2 = 0. Since by the α-expanding assumption the
second fundamental form is nonpositive h ≤ 0, then H = 0 is equivalent to h = 0. Thus
either α = 13 or h = 0 or |W | = 0. Moreover, if |W | = 0 (and H 6= 0), then (7.2) implies
DTS = 0 and the assumption DTSpf = 0 gives also
0 = DT (scrit) = H scrit ,
i.e. scrit = 0 and α =
1
3 . 
Remark 7.4. In the special era, the critical Weyl entropy density
scrit :=
√
1− 3α
(√
2
4
+ 2k
√
1− 3α
9k2 − 12k + 8
)
is given by
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• Radiation Dominated: k = 43
scrit =
√
1− 3α
(√
2
4
+
2
√
2
3
√
1− 3α
)
.
• Matter Dominated: k = 1
scrit =
√
1− 3α
(√
2
4
+
2√
5
√
1− 3α
)
.
• Vacuum Energy Dominated: k = 0
scrit ∼
√
1− 3α
(√
2
4
)
.
8. A Special Class of Pure Electric Spacetimes
Let (X,γ) be a spacetime where the metric takes the form
γ = −N2(x, t)dt2 + gij(x, t)dxidxj
with N > 0 and
(8.1) gij(t, x) = e
2σ(t,x)g¯ij(x)
for a given positive function σ : I ×M3 → R. In this case the foliation is totally umbilical,
i.e.
(8.2) hij =
H
3
gij .
From equations (3.4), we obtain
NRij = ∇i∇jN +
(
NΛ +
1
3
H˙ − 1
9
NH2
)
gij
0 = ∇jH −∇khjk
∆N = −ΛN − H˙ − 1
3
NH2 .
From the second equation and (8.2) we obtain
0 = ∇jH −∇khjk = 2
3
∇jH ,
i.e. the foliation has constant (in space) mean curvature H ≡ H(t) on M3. In particular the
second fundamental form hij is a Codazzi tensor and the spacetime (X,γ) satisfies (H1), if
the stress-energy tensor is diagonal. Thus, if we consider a k-perfect fluid spacetime (X,γ)
of this form, we have that (X,γ) is a k-perfect fluid electric 13 -expanding region, if we assume
H ≤ 0 or, equivalently, ∂tσ ≥ 0. In this case, since
scrit = 0,
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we have Spf = S and Theorem 7.3 implies
Proposition 8.1. On a k-perfect fluid expanding spacetime satisfying (8.1) the entropy S is
monotonically increasing.
9. Perfect Fluid Magnetic Regions
In this section we will consider spacetime (X,γ), satisfying
(H2) WT iTj ≡ 0 on X .
As already observed, spacetimes satisfying (H2) are called Pure Magnetic Spacetime. Local-
izing this notion we define the following
Definition 9.1. Let (X,γ) = (I×M3,−N2dt2+g) be an almost globally hyperbolic spacetime,
let U ⊂ M3 and I ′ ⊂ I be two empty open sets. We say that PFMk := I ′ × U is a k-perfect
fluid magnetic region if
(1) the stress-energy tensor T is given by (6.1) on PFMk , with P = (k− 1)M , k ∈ [0, 43 ]
and
0 ≤ k′ ≤ k(9k
2 − 12k + 8)
3(4− 3k) ,
where DTk = k
′H (where H 6= 0).
(2) the Weyl tensor W satisfies (H2) on PFMk ;
(3) the lapse function N is strictly positive on PFMk .
Moreover, if there exists a function α = α(t, x) ∈ [0, 13] such that
hij ≤ αHgij ≤ 0 on I ′ × U ,
we will say that PFMk,α is a k-perfect fluid magnetic α-expanding region.
Lemma 9.2. Let (X,γ) be a globally hyperbolic spacetime satisfying (H2). Then
1
2
DT |Wαβγδ|2 = −16hkpWT ijkWT ijp .
Proof. From the second bianchi identity (2.8)
DTWT ijk +DjWT ikT +DkWT iTj =
1
2
(CTkTγij +CTTjγik +CTjkγiT )
− 1
2
(CikTγTj +CiT jγTk +CijkγTT )
=
1
2
(CTkT gij −CTjT gik +Cijk) .
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Also, (2.6) and the fact that DiM = 0 imply
CTkT := DTT kT −DkT TT − 1
3
(DTT γkT −DkT γTT )
= −1
3
DkT = 4− 3k
3
DkM = 0
and
Cijk := DkT ij −DjT ik − 1
3
(DkT γij −DjT γik)
= DkT ij −DjT ik = 0 .
Thus
DTWT ijk = −DjWT ikT −DkWT iTj = DjWT iTk −DkWT iTj .
Moreover, condition (H2) implies
DkWT iTj = ∂kWT iTj − ΓpkTWpiT j − ΓpkTWT ipj
= −ΓpkTWTjpi − ΓpkTWT ipj
= hkp(WTjpi +WT ipj) .
Rewriting the last equations we have proved that
DTWT ijk = hjp(WTkpi +WT ipk)− hkp(WTjpi +WT ipj) .
Thus, from Lemma 5.1, we get
1
2
DT |Wαβγδ|2 = −2DT |WT ijk|2 = −4WT ijkDTWT ijk
= −4hjp(WTkpi +WT ipk)WT ijk + 4hkp(WTjpi +WT ipj)WT ijk
= 8hkp(WTjpi +WT ipj)WT ijk
= −16hkpWT ijkWT ijp .

Proposition 9.3. Let (X,γ) be a globally hyperbolic perfect fluid satisfying (H2). Then the
Weyl entropy S satisfies
DTS = |A|
3
|R|3γ¯
[
16
hjlWT ijkWT ijp
|W ||A|
+H
|W |
3|A|3
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2 +H |W ||R|2γ¯|A|3 ]√g
Proof. Using (4.2) and (4.1) we obtain
DTS = DT (s√g) =
(s
s¯
)3
DT s¯
√
g + sDT
√
g .
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Since, from Lemma 5.1 |A|2γ¯ = |A|2 and, from (6.4) and (6.5), we have
|A|2 = 9k
2 − 12k + 8
3
M2
and
DT |A| = k(9k
2 − 12k + 8) + 3k′(3k − 2)
3|A| HM
2 .
Thus, from (4.3), Lemma 5.1 and Lemma 9.2 we obtain
DT s¯ = −DT
( |W |
|A|
)
= − 1|A|2 (|A|DT |W | − |W |DT |A|)
= − 1|A|2
[ |A|
|W | (−16hkpWT ijkWT ijp)
−H |W |
3|A|
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2]
= 16
hjlWT ijkWT ijp
|W ||A|
+H
|W |
3|A|3
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2 .
From (6.10), one has
DT
√
g = −H√g .
Using Lemma 5.1, we get
DTS = |A|
3
|R|3γ¯
[
16
hjlWT ijkWT ijp
|W ||A|
+H
|W |
3|A|3
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2 +H |W ||R|2γ¯|A|3 ]√g
and this concludes the proof. 
As a corollary, we have the following monotonicity of S on perfect fluid magnetic α-
expanding regions.
Theorem 9.4. Let PFMk,α be a k-perfect fluid magnetic α-expanding region. Then,
DTS ≥ 0 .
Moreover, the equality holds at some point if and only if either h = 0 or |W | = 0.
Proof. From Proposition 9.3 we have
DTS = |A|
3
|R|3γ¯
[
16
hjlWT ijkWT ijp
|W ||A|
+H
|W |
3|A|3
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2 +H |W ||R|2γ¯|A|3 ]√g
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Space
Time
Figure 2. A picture of a region with maximum Weyl Entropy which become static.
Since |W | ≤ 0, hij ≤ αHgij ≤ 0, |R|γ¯ ≥ |A|,
0 ≤ k′ ≤ k(9k
2 − 12k + 8)
3(4− 3k)
and DTN ≥ 0 we obtain
DTS ≥ |A|
3
|R|3γ¯
[
(1 + 4α)H
|W |
|A|
+H
|W |
3|A|3
[
k(9k2 − 12k + 8) + 3k′(3k − 2)]M2]√g
≥ |A|
3
|R|3γ¯
[
(1 + 4α)H
|W |
|A|
]√
g ≥ 0 ,
since α ≥ 0 by assumption. The equality case follows easily. 
10. Regions with Maximum or Minimal Weyl Entropy
Let I × U , be a k-perfect fluid electric region contained in an almost globally hyperbolic
spacetime (X,γ) and satisfying (7.1). From Theorem 7.3, for every t ∈ I we have
DTSpfU =
Area(Σ)
Volg(U)
∫
U
DTSpf +DT
(
Area(Σ)
Volg(U)
)∫
U
Spf ≥DT
(
Area(Σ)
Volg(U)
)∫
U
Spf .
In particular, to guarantees the monotonicity of the Weyl entropy in U , we can assume the
following
(10.1) DT
(
Area(Σ)
Volg(U)
)
≥ 0.
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Rad. Dom. Era Mat. Dom. Era Dar. Ene. Dom. Era
Space
Time
Figure 3. A picture of a cluster of regions with maximum Weyl Entropy
which become static.
10.1. Maximal case. We say that a time slice Ut0 := {t0} × U , t0 ∈ I, has maximum Weyl
entropy at time t0, if the Weyl entropy Spf in U is maximal at time t0 ∈ I. We recall that
SpfU :=
Area(Σ)
Volg(U)
∫
U
Spf = Area(Σ)
Volg(U)
∫
U
( |W |γ¯
|R|γ¯ + scrit
)√
g ,
if R 6= 0, or
SpfU = Area(Σ)
(
1 +
1
Volg(U)
∫
U
scrit
√
g
)
otherwise. Since |W |γ¯ ≤ |R|γ¯ with equality if and only if A = 0 (i.e. the Ricci tensor of γ
vanishes), we get
SpfU ≤ Area(Σ)
(
1 +
1
Volg(U)
∫
U
scrit
√
g
)
≤ Area(Σ)
(
1 + sup
U
scrit
)
with equality if and only if the Ricci tensor Rαβ vanishes (the case of zero Riemann tensor
R is automatically included) and scrit is constant on U .
Assume now that Ut0 has maximum Weyl entropy at time t0. By the monotonicity in
Theorem 7.3, all the future slices Ut have maximum entropy, for all I 3 t ≥ t0. In this case,
for all I 3 t ≥ t0, the Ricci tensor is zero on Ut, scrit is constant on Ut and, from the Einstein
equation, the stress-energy tensor T is zero, i.e.
Rαβ = 0 and T αβ = 0 on Ut .
Moreover, by maximality, from the equality case in the monotonicity Theorem 7.3, we
obtain that, on Ut, one has DT scrit = 0 (and scrit = supU scrit) and either h = 0 or |W | = 0
and α = 13 (and scrit = 0). In the second case, since it is Ricci flat, the region is flat, i.e.
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locally isometric to a quotient of the Minkowski Space. In the first case, h = 0, the space
metric g does not depend on t and from equations (3.4), the region Ut is static. More precisely,
the triple (U, g,N) satisfies the following systemN Rij = ∇i∇jN∆N = 0 on U .
In particular (U, g) has zero scalar curvature R = 0. Note that we can ensure that the lapse
function N , which a priori could depend on time, is in fact equal to N(t0, x) on Ut, for every
I 3 t ≥ t0. This follows immediately form the local uniqueness for the Cauchy development
satisfying the constraint equations (which in this case is simply R = 0) on the slice {t0}×U .
In both cases, the solution is a static vacuum spacetime in the whole [t0,+∞) ∩ I × U (see
Figure 2 and Figure 3) and the Weyl entropy SpfU is constant in time and equal to
SpfU = Area(Σ)
(
1 + sup
U
scrit
)
.
Suppose now that t ∈ [t0, T ) for some maximal time T ∈ R∗. Then, either T = +∞ (and
in this case the lapse function must be strictly positive everywhere) or T < +∞. In this
second case, assume that there exists a point x ∈ U¯t such that limt→T N(t, x) = 0. Since
N(t, x) = N(t0, x), this implies that t0 actually has to be the maximal time of existence T .
Since N(t0, ·) > 0 in U , the point x ∈ Σ = ∂U . By Hopf lemma, since the lapse function N
is nonnegative on U cT , the function N has to be identically zero on the boundary Σ, i.e.
N(x) = 0 for all x ∈ Σ .
This means that, either the maximum entropy region is the whole cylinder [t0,+∞)× U or,
T < ∞ and either N > 0 or t0 = T and the lapse function N vanishes on the surface Σ. In
this case Σ is the so called a event horizon and we have the maximal Weyl entropy satisfies
SpfU = Area(Σ)
(
1 + sup
U
scrit
)
= SGH
(
1 + sup
U
scrit
)
where SGH is governed by the same area law as the black hole entropy but is associated with
a cosmological event horizon, and was introduced by Gibbons and Hawking [12]. It is still a
maximal entropy in itself, and is associated with a sort of equilibrium state of the geometry,
i.e. with a static solution.
Reasoning as above, the same things for the Weyl entropy SU happen in a maximal k-
perfect fluid magnetic region, as a consequence of Theorem 9.4. We note that a static region
cannot occur, since in case the Weyl tensor would be pure electric. Therefore, maximal Weyl
entropy regions must be flat (vacuum).
10.2. Minimal case. We deal now with the minimal case. We say that a time slice Ut0 =
{t0}×U , t0 ∈ I, has minimal Weyl entropy at time t0, if the Weyl entropy Spf in U is minimal
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at time t0 ∈ I. Since SpfU ≥ 0, the minimal value is zero, from |W |γ¯ ≥ 0 and scrit ≥ 0, we
obtain that at
(10.2) W ≡ 0, scrit ≡ 0 on Ut0 ⇐⇒ W ≡ 0, α ≡
1
3
on Ut0
Assume now that Ut0 has minimal Weyl entropy at time t0. By the monotonicity in Theorem
7.3, all the past slices Ut, have minimal entropy, for all I 3 t ≤ t0. In this case, for all
I 3 t ≤ t0, the Weyl tensor vanishes and α = 13 on Ut. We claim that on the spacetime
cylinder ([0, t0] ∩ I)× U the metric must be of Friedmann-Lemaˆıtre-Robertson-Walker type,
i.e. the spacetime metric has the form
γ = −N(t)2 dt2 + a(t)2 gKij (x)dxi dxj ,
where N = N(t) is the original lapse function which now depends only on time, a = a(t) is a
positive function depending only on time and gK is a Riemannian metric of constant sectional
curvature K on U . It is a FLRW metric up to rescaling the time appropriately with the lapse
function. In fact, from (10.2) and the definitions of α-expansion (7.2) and (9.1), we get that
the slices must be umbilical
hij =
1
3
H gij .
In particular, from (3.4), we obtain that
0 = ∇jH −∇khjk = 2
3
∇jH ,
i.e. the foliation has constant (in space) mean curvature H ≡ H(t) on U . Thus, from
umbilicity and (3.2), we get
(10.3) ∂thij =
1
3
(∂tH)gij +
1
3
H∂gij =
1
9
(
∂tH − 2NH2
)
gij .
Since T TT = M , T ij = Pgij = (k − 1)Mgij and W ≡ 0, from (3.9) and (10.3), we obtain
0 = NWT iTj = −N 2− k
2
Mgij +N
4− 3k
3
Mgij +
1
9
(
∂tH − 2NH2
)
gij +
1
9
NH2gij +∇i∇jN,
and thus
∇i∇jN = ϕ(t, x)gij
for some function ϕ. Using this equation and (10.3) in (3.4), we obtain
N
2− k
2
Mgij = N Rij − 1
9
(
∂tH − 2NH2
)
gij +
1
3
NH2gij − 2
9
NH2gij − ϕgij
and therefore, the Ricci tensor of the metric g satisfies in U
Rij = ψ(t, x)gij
for some function ψ. By Bianchi identity, the function ψ must be constant in space, ψ = ψ(t),
and the metric g is Einstein. Since U ⊂ M3 is three-dimensional, (U, g) must have constant
(in space) sectional curvature. Thus we have proved that
gij(t, x) = a(t)
2 gKij (x)
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where gK is a Riemannian metric of constant sectional curvature K on U . Thus, the spacetime
metric γ takes the form
γ = −N(t, x)2 dt2 + a(t)2 gKij (x)dxi dxj .
It remains to show that the lapse function is constant in space, N = N(t). By the conformal
flatness of γ, W ≡ 0, we have that the conformal metric
γ˜ = N(t, x)−2γ = −dt2 +
[
a(t)
N(t, x)
]2
gKij (x)dx
i dxj .
is conformally flat. From well known results in Riemannian (or, more in general, pseudo-
Riemannian) Geometry, it is possible to show (by direct local computation) that the only
possibility for γ˜ to be conformally flat, is that the warping function a/N depends only on t,
i.e. the lapse function N depends only on t. This concludes the proof of the claim.
To conclude, we have shown that if a time slice Ut0 = {t0} × U has minimal (zero) Weyl
entropy, then the spacetime cylinder (([0, t0] ∩ I)× U,γ) is a FLRW spacetime. Again, by
uniqueness for the Cauchy development, this must happen on the entire cylinder I×U , if the
FLRW solution exists until the final time T ∈ I.
As this situation is unphysical, we can avoid it by assuming the condition DTα(0) < 0 at
some point x ∈ U , which, under our hypotheses, would imply α(t, x) < 13 for all t ∈ I. This
hypothesis is quite mild, as it correspond to assuming that the Universe is non-homogeneous
for t > 0.
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